Uniqueness for the two-dimensional Navier-Stokes equation with 

a measure as initial vorticity 

'nI" ' Isabelle Gallagher Thierry Gallay 

Q . Centre de Mathematiques L. Schwartz Institut Fourier 

CSJ ! Ecole polytechnique Universite de Grenoble I 

qH I 91128 Palaiseau, France 38402 Saint-Martin d'Heres, France 

^ ■ Isabelle.Gallagher@math.polytechnique.fr Thierry.Gallay@ujf-grenoble.fr 



in 



< 



B 
> 



February 1, 2008 



Abstract 



We show that any solution of the two-dimensional Navier-Stokes equation whose vorticity 
distribution is uniformly bounded in L^(R ) for positive times is entirely determined by the 
2 ' trace of the vorticity at i = 0, which is a finite measure. When combined with previous 

existence results by Cottet, by Giga, Miyakawa, and Osada, and by Kato, this uniqueness 
property implies that the Cauchy problem for the vorticity equation in R^ is globally well- 
posed in the space of finite measures. In particular, this provides an example of a situation 
^ ' where the Navier-Stokes equation is well-posed for arbitrary data in a function space that is 

C^ . large enough to contain the initial data of some self-similar solutions. 

0^ 

^ ■ 1 Introduction 

r^ • We consider the two-dimensional incompressible Navier-Stokes equation 

"S '. du 



+ {u-V)u = Au-Vp , div n = , x G R\ t>0, (1.1) 



where u{x, t) G R^ denotes the velocity field of the fluid and p{x, t) G R the pressure field. 
Since this system is very famous, we do not comment here on its derivation and rather refer 
r> \ to the monographs [7j, j23j . j28j for a general introduction. The first mathematical result on 

C^ ■ the Cauchy problem is due to Leray |2l] who proved that, for any initial data uq G L^(R^), 

system (|1.1() has a unique global solution u G C'^([0, +cxd),L^(R^)) such that u(-,0) = uq 
and Vn G -L^((0, -|-oo), L^(R^)). The space -L^(R^) is naturally associated with the Navier- 
Stokes equation for two different reasons. First it is the energy space, because the square of 
the LP' norm of u is the total (kinetic) energy of the fluid, which is nonincreasing with time. 
Next, the space L^(R^) is scale invariant, in the sense that ||Atio(A-)||^2(j^2) = ||'Uo||l2(-j^2) for 
any uq G L^(R^) and any A > 0. This is important because the transformation 

u{x,t) ^ Xu{Xx,X^t) , p{x,t) H^ X^p{Xx,X'^t) , A>0 , (1.2) 

is a symmetry of (jl.lj) . This invariance was used by Kato [201 to prove that the Navier-Stokes 
equation in the d-dimensional space R is locally well-posed for arbitrary data in L (R ) and 
even globally well-posed for sufficiently small data in that space, see also [211, El- Kato's result 
was subsequently extended to larger scale invariant function spaces, such as the homogeneous 
Besov space B^ (R'^) with s = — 1 -|- - and p < oo, see Cannone and Planchon |31, [1] and 



Meyer |23]. A similar analysis was carried out for the vorticity equation in Morrey spaces by 
Giga and Miyakawa JZj. One interest of dealing with larger function spaces is that they may 
contain initial data which are homogeneous of degree —1 and therefore give rise to self-similar 
solutions of (|1.H) . This is the case of the Besov space above if g = oo, or of the larger space 
BMO~^(R'^) introduced by Koch and Tataru I^. In such spaces, however, it is not known if 
the Cauchy problem is well-posed for large data, even locally in time. 

We now return to the two-dimensional case d = 2 which is simpler for several reasons. First, 
the a priori estimates allow in that case to prove that all solutions are global. For instance, in [2], 
F. Planchon and the first author proved that, for arbitrary data in Bp (R?) with s = —1 -|- - 
and p,q < oo, there exists a unique global solution to the Navier-Stokes equation (|1.1|1 . This 
result was recently extended by Germain T31 to the larger space VMO~^(R^), which is the closure 
of 5(R^) in BMO~^(R^). To our knowledge, this is the largest space for the velocity field in which 
one can solve the Navier-Stokes equation for arbitrary data. Note however that VMO^"'^(R^) 
does not contain any non-trivial homogeneous function of degree —1. 

def 
Another specificity of the two-dimensional case is that the vorticity to = diU2 — d2Ui is a 

scalar quantity which satisfies a remarkably simple equation, namely 

-^ + u ■ Vlj = Alo , X e R2 , i > . (1.3) 

ot 

The velocity field u{x,t) can be reconstructed from the vorticity distribution uj{x,t) by the 
Biot-Savart law 



I r fx — y) 
2tt J^2 \x-y\^ 



where X"*" = {xi,X2)'^ = {—X2,xi). In terms of the vorticity, the invariance (|1.2j) reads 

uj{x,t) ^ X^io{Xx,X^t) . (1.4) 

A natural scale invariant space for the vorticity is thus -L^(R^). The Cauchy problem for (|1.3|) 
in L^(R?) was studied for instance in |T], where results analogous to Leray's and Kato's theorems 
for the velocity field are obtained. However, it is important to realize that a vorticity in L^(R^) 
does not imply a velocity field in L^(R^). Indeed, if u G L^(R^) and if u; = diU2—d2Ui G L^(R^), 
then it is easy to verify that necessarily J^a wdx = 0. Since the integral of uj (which is the 
circulation of the velocity field at infinity) is conserved under the evolution of (|1..S|) . it follows 
that if the initial vorticity has nonzero integral then the associated velocity field will never be of 
finite energy. This "discrepancy" between function spaces for the vorticity and the velocity is in 
fact specific to the two-dimensional case. Indeed, if for instance uj solves the vorticity equation 
in L2(R^), then the associated velocity field does solve the Navier-Stokes equation in L^(R^). 
In this paper, we study the Cauchy problem for the vorticity equation (|1.3|) in A4(R?), the 
space of all finite real measures on R^. If /_i G Ai(R?), the total variation of /u is defined by 



\I^\\m 



sup < / (pdfi v9gCo(R^), ||'/j||l°° < 1 ^ 



where Co(R^) is the set of all real- valued continuous functions on R^ vanishing at infinity. We 
recall that Ai(R?) equipped with the total variation norm is a Banach space, whose norm is 
invariant under the scaling transformation (|1.4j) . Another useful topology on A^(R^) is the 
weak*-topology which can be characterized as follows: a sequence {/in} in A^(R^) converges 
weakly to fj, if f-^2 ^ d/i„ — > J-^2 v? d/i as n — > cxd for all ip G Co(R^). In that case, we write fin -^ Z^- 
Existence of solutions of p.3j) with initial data in A^(R'^) was first proved by Cottet [H], 
and independently by Giga, Miyakawa, and Osada ^H] • Uniqueness is a more difficult problem. 



Using a Gronwall-type argument, it is shown in [16| that uniqueness holds if the atomic part 
of the initial vorticity is sufficiently small, see also [21| . The fact that the size condition only 
involves the atomic part of the measure is a consequence of the key estimate (see J16j ') 

limsupi 1 \\e fi\\Li < C'gllA'lIpp , 1 < Q < +oo , 

where ||/i||pp denotes the total variation of the atomic part of /x G A4(R?). On the other hand, 
the case of a large Dirac mass was solved recently by C.E. Wayne and the second author ^2] 
using a completely different approach, which we now briefly describe. We first observe that, 
given any a G R, equation H1.3() has an exact self-similar solution given by 

uj{x,t) = -G(^) , u{x,t) = -^v^(^) , xGR2, t>0, (1.5) 

where 

This solution is often called the Lamb-Oseen vortex with total circulation a. In fact uj{x,t) is 
also a solution of the linear heat equation dfUJ = Auj, because the nonlinearity in l\l.'d\i vanishes 
identically due to radial symmetry (this is again specific to the two-dimensional case). The 
strategy of ^21 consists in rewriting ()1.3() into self-similar variables as in 1)2. 9() below. Using a 
pair of Lyapunov functions, the authors show that the Oseen vortices aG {a £ R) are the only 
equilibria of the rescaled equation. By compactness arguments, they deduce that all solutions 
converge in L^(R^) to Oseen vortices as t ^ -|-oo, and as a byproduct that H1.5() is the unique 
solution of (|1.3|) such that ||u;(-, t)||^i < K for all t > and uj{-,t) -^ ad^ as t — > 0, where Sq is 
the Dirac mass at the origin. 

The goal of the present paper is to solve the uniqueness problem in the general case by 
combining the result of J16j . which works when the initial measure has small atomic part, with 
the method of J2], which allows to handle large Dirac masses. Our main result is the following: 



Theorem 1.1 Let fi G Ai(R?), and fix T > 0, K > 0. Then the vorticity equation il.,'^) has at 
most one solution 

wGC°((0,r),Li(R2)nL°°(R2)) 

such that ||u;(-, t)!!^,! < K for all t G (0,T) and uj{-,t) ^ /x as t — > 0. 

Here and in the sequel, we say that uj{t) = cj(-, t) is a (mild) solution of p.3j) on (0, T) if the 
associated integral equation 

uj{t) = e(*-*»)^a;(to) - / V • e(*-^)^(u(s)w(s)) ds (1.7) 

is satisfied for all < io < * < ^• 

If we combine Theorem II. II with the existence results in |5], JHl) H^i we conclude that there 
is a unique global solution to (|1.3j) for any initial measure in A^(R^). In fact the method we use 
to prove uniqueness also implies that this solution depends continuously on the data, so that 
the Cauchy problem for the vorticity equation (|1.3|) is globally well-posed in the space A^(R^). 
If in addition we use the results in ^^ on the long-time behavior of the solutions, we obtain the 
following final statement: 



Theorem 1.2 For any fj, £ Ai(R?), the vorticity equation \1.^) has a unique global solution 

a;GC70((0,oo),Li(R^)nL°°(R2)) 

such that \\oj{-,t)\\ii < \\fJ,\\M for all t > and u;(-,t) ^ fj, as t ^ 0. This solution depends 
continuously on the initial measure fj, in the norm topology of Ai(R?), uniformly in time on 
compact intervals. Moreover, 



'^Z .V-o2n 



/ uj{x,t)dx = Q =■* ^(R^) , for all t > 



and 



lim t p 

t— »oo 



uj{x,t)--G(^) =0, for allpe [l,oo] . (1.8) 



t \^/t 



^x 



Remark that the space Ai(R?) does contain nontrivial homogeneous distributions (the Dirac 
masses at the origin), hence Theorem ll.2| gives an example of a situation where the Navier-Stokes 
equation is weh-posed for arbitrary data in a function space that is large enough to contain the 
initial data of some self-similar solutions (the Oseen vortices). Remark also that Oseen's vortex 
plays a double role in Theorem ll.2l it is the unique solution of l\l.'d\i when the initial vorticity n 
is a Dirac mass at the origin, and on the other hand it describes the long-time behavior of all 
solutions, see l\l.S\i . In fact, it is possible to show that H1.8() is a consequence of the uniqueness 
of the solution when ^u = aSo , see [E] and pH? . 

The rest of this paper is devoted to the proof of Theorem 1 1 . 1 1 and of the continuity statement 
in Theorem 11.21 Before entering the details, let us give a short idea of the argument. Previous 
works on the subject assumed that the initial vorticity ^ either has a small atomic part J16j.j21j. 
or consists of a single Dirac mass ^2]. So it is natural to decompose /x into a finite sum 
of mutually singular Dirac masses, and a remainder whose atomic part is arbitrarily small 
(depending on the number of terms in the previous sum). The idea is then to use the methods 
of J12j to deal with the large Dirac masses, and the argument of jE],|2Tj to treat the remainder. 
The difficulty is of course that equation ()1.3|1 is nonlinear so that the interactions between the 
various terms have to be controlled. 

To implement these ideas, we start in Section 12.11 by recalling some general properties of 
convection-diffusion equations, of the heat semi-group in self-similar variables, and of the Biot- 
Savart law. The proof of Theorem 11.11 begins in Section |3J where we decompose the initial 
measure as explained above and show that the solution u;(x, t) also admits a natural decom- 
position into a sum of Oseen vortices and a remainder. In Section ^ we derive the integral 
equations satisfied by the remainder terms, and we state a few crucial estimates that will be 
proved in an appendix (Section 1^)). These results are used in Section [SJ where Theorem 11.11 is 
proved by a Gronwall-type argument. The same techniques also establish the continuity claim 
in Theorem 11.21 

Notations. We denote by Kq,Ki, . . . our main constants, the values of which are fixed through- 
out the paper. In contrast, we denote by Co,Ci,... local constants which can take different 
values in different paragraphs. Other positive constants (which are not used anywhere else in 
the text) will be generically denoted by C. As a general rule, we do not distinguish between 
scalars and vectors in function spaces: although u{x,t) is a vector field, we write u £ L^(R^) 
and not u S L^(R^)^. To simplify the notation, we denote the map x i-^ lo{x, t) by uj{-, t) or just 
by uj{t). 

Acknowledgements. The authors thank D. Iftimie for fruitful discussions. 



2 Preliminaries 

This section is a collection of known results that will be used in the proof of Theorem 11.11 

2.1 Fundamental solution of a convection-diffusion equation 

We consider the following linear convection-diffusion equation 

dtuj{x,t) + U{x,t) ■Vuj{x,t) = Auj{x,t) , (2.1) 

where x E R^, t e (0, T), and U : R^ x (0,T) -^ R^ is a (given) time-dependent divergence-free 
vector field. The results collected here are due to Osada ^^, and to Carlen and Loss [S]. 
Following 0, we suppose that U G C°((0,r),L°°(R2)) and that 

||[/(-,t)||ioc(R2) < ^, 0<t<r, (2.2) 

for some /Co > 0. According to [IHl, we also assume that f7 =^ 91^2-52^^1 e C°((0,T), L1(R2)) 
with 

ll^(-,i)llLi(R2) < ^0 , 0<t<r. (2.3) 

Then any solution uj{x,t) of ()2.1|) can be represented as 

uj{x,t) = / ru{x,t;y,s)uj{y,s)dy , xGR^, 0<s<i<r, (2.4) 

where Tfj is the fundamental solution of the convection-diffusion equation 1)2. 1|) . The following 
properties of Tu will be useful: 

• For any /3 G (0, 1) there exists Ki > (depending only on Kq and /3) such that 

< ru{x,t;y,s) < ^ exp(-/3^^1^) , (2.5) 

for x,y £ R^ and < s < t < T, see jS]. We also have a similar Gaussian lower bound, see j26j . 

• There exists 7 E (0, 1) (depending only on Kq) and, for any 6 > 0, there exists K2 > 
(depending only on Kq and 6) such that 



\Tu{x, t- y, s) - Tu{x', t'; y' , s')\ < K^ (\x-x'\'^ + \t-t'\^l^ + \y-y'\^ + \s-s'y'^) , (2.6) 

whenever t — s > 5 and t' — s' > 6, see PH] , 
• For < s < i < T and x,y e R^, 

/ r{/(x,t;y,s)dx = 1 , / Tuix,t;y,s)dy = 1 . (2.7) 

For 0<s<r<t<T and x, y G R^, 



rt/(2;,t;y,s) = / Tu{x,t;z,r)Tu{z,r;y,s)dz . (2.8) 

yR2 

Remark 2.1 If x,y £ R^ and t > 0, it follows from \2. 61) t/iat ^/le function s ^^ Tjj{x,t]y,s) 
can he continuously extended up to s = 0, and t/iai i/iis extension (still denoted by Tjj) satisfies 
properties \2.5\) to \2.l^) with s = 0. 



2.2 The heat semiflow in self-similar variables 



Let u;(x,t) be a solution of the linear heat equation dtOJ = Ao; in R^. As is well-known, it is 

nat 

set 



natural to rewrite this system in terms of the "self-similar variables" £, = A=, t = log(t). If we 



uj{x,t) = -w(^,log{t)) , xeR^, t>0, (2.9) 

then the new function w{^,t) is a solution of the rescaled equation drW = Cw, where C is the 
Fokker-Planck operator 

£ = Ag + -^ Vg + 1 . (2.10) 

This operator is the generator of a Cq semigroup S{t) = exp^rC) given by the explicit formula 

(S{r)f){0 = j^ [ e-^^/(e'e5)dr , ^ e R' , r>0, (2.11) 

V / 47ra(r) J^2 

where a{T) = 1— e""^. The linear operators C and S{t) are studied in detail in (^0], Appendix A). 
For the reader's convenience, we recall here the main properties that will be used in the proof 
of Theorem ll.il 

Following jli],, we introduce ior q > 1 and m, > the weighted Lebesgue space L'^{m) defined 
by 

L^im) = {w£ L5(R2) I ||w;|U,(^) < cx)} , where |h|U,(„) = ||(1+|CI^)'^u'||l, . (2.12) 

We shall mainly use the Hilbert space L-^(m), which satisfies L^{m) ^^ L^CR?) if ?tt, > 1. In this 
case, we define the closed subspace 

Ll{m) = iweL'^im) f w{0 d^ = o\ 

Proposition 2.2 Fix m > 1. 

i) There exists K^ > such that, for all w G Lp'{m), 

\\S{t)w\\l2(^^) < K3\\w\\l2(^^j , \\VS{t)w\\l2(^^^ < ——rllwh^im) , (2-13) 

a(r)2 

for all T > 0, where a{T) = 1 — e^"^. 

a) If moreover m > 2 and w £ Lq (m) , then 

\\S{T)w\\L-2(m) < K^e-^\\w\\L2i^) , r>0. (2.14) 

Hi) More generally, if q £ [1,2] there exists K4 > such that, for all w € L'^{m), 

l|5'(T)-u;||i2(„) < T:^\\M\Liim) , ||V5(r)u;||2,2(„) < rll^lU<'M , (2.15) 

a{T)i 2 a{T)i 

for all T > 0. 

Proof: The bounds (|2.13j) . (|2.14|) are proved in (^, Proposition A. 2). Estimate (|2.15|) follows 
from ()2.13|) if we use in addition ( 10 , Proposition A. 5). D 

Since the operator C has variable coefficients, it does not commute with spatial derivatives, 
nor does the associated semigroup 5(t). However, the following useful identity holds: 

V5(r) = e55(r)V , r > . (2.16) 



771 > 1 . 
R2 



2.3 The Biot-Savart law 

Finally we list some basic properties of the Biot-Savart law 

"(^) = ^ / i^^4^^(y)dy , X e R^ (2.17) 

27r J^2 \x -y\^ 

We recall that Lp'{m) is the weighted Lebesgue space defined in H2.12() . 

Proposition 2.3 Assume that to £ LP(R^) for some p £ (1,2), and let u be the vector field 
defined by lETTj ). Then 

i) u £ L'^(R?) where - = - ~ ^! o^nd there exists C > such that 

\\u\\li < C\\lo\\lp . (2.18) 

a) Vu G LP(R^) and there exists C > such that 

\\Vu\\lp < C\\u\\lp . (2.19) 

In addition, div(u) = and diU2 — d2Ui = lo. 

Hi) Let b{x) = (l-|-|xp)2 . If w £ I?'{rn) for some m G (0, 1), or oj £ L'^{ni) for some m £ (1, 2), 

2 

then 6™ '^u G L'^(R^) for any q G (2, cxd) and there exists C > such that 

\K~-^u\\l. < C||cu||i2(„) . (2.20) 



Proof: The bound H2.18() is a direct consequence of the classical Hardy-Littlewood-Sobolev 
inequality, see for instance (|22|, Chapter V, Theorem 1). Estimate (j2.19|) holds because Vu is the 
convolution of uj with a singular integral kernel of Calderon-Zygmund type, see (HZI; Chapter II, 
Theorem 3). Finally, the weighted inequality (|2.2fl|l is proved in (^1^, Proposition B.l). D 

3 Decomposition of the solution 

After these preliminaries, we begin the proof of Theorem 11.11 We fix /x G Ai(R?), T > 
and K > 0, and we assume that oj G C°((0, T), L^(R2) n L°°{B?)) is a solution of the vorticity 
equation l\l.'6\i satisfying ||Lj(-,f)||^i < K for all t G (0,T) and a;(-,i) ^ /x as t ^ 0. From [^j 
we know that a;(x, t) coincides for t > with a classical solution of (|1.3)) in R^ as constructed 
for instance in ^. In particular uj{x,t) is smooth for i > 0, and since the Cauchy problem 
for (|1..S|) is globally well-posed in L^(R^) n L°°(R^), we could assume without loss of generality 
that T = -|-oo. In the sequel, however, we keep T > arbitrary. 

Since /U G 7W(R^) is a finite measure, the set Epp = {x G R^ | /i({x}) 7^ 0} of all atoms of // 
is at most countable, and 

def 

' CXD . 



i^iipp = Yl i^(i^})i - 11/^11-^ < 



xGEpp 

Therefore, given any e > 0, there exists A^ G N and zi, . . . ,Z]sf G Epp with Zi 7^ Zj for i ^ j such 
that // can be decomposed as 

N 

H = ^Oidz^ + fiQ , (3.1) 



where Oi = fi{{zi}) ^ and ||/io||pp ^ ^- Here Sz denotes the Dirac mass located at z £ R^. Of 
course, it may happen that A^ = so that fj, = fiQ, but if the set Epp is infinite we have to take A^ 
large if e is small. From now on we fix e > and assume that H3.1|) holds with ||^o||pp ^ ^- We 
denote 



Mpp 



N 
'^\ai\ < WfJ-Wpp , and d = mmi^\zi - Zj\ i,je{l,...,N},i^jj. (3.2) 



1=1 



At the very end of the proof, in Section 15.21 we shall assume that e is sufficiently small. 

Let u{x, t) be the velocity field obtained from uj{x, t) via the Biot-Savart law (|2.17j) . Since for 
all t G (0,T) we have ||a;(-, t)||ii < K, it follows from ( 5 , Theorem 2) that ta ||u(-, t)||ioo < CK 
for all t € (0, T), where C > is a universal constant. Thus uj{x, t) is a solution of the convection- 
diffusion equation 1)2. 1() with U{x,t) = u{x,t), and assumptions ()2.2() . 1)2. 3() are satisfied. It 
follows that ui{x,t) can be represented as in (|2.4I) . where the fundamental solution Tu{x,t;y,s) 
satisfies (|2.5() to ()2.8() . In particular, using Remark l2.11 we have for all x G R^ and all t £ (0, T), 

uj{x,t) = / Tu{x,t;y,0)uj{y,s)dy 

iR2 



(r„(a;, t; y, s) - r„(x, t; y, 0))u;(y, s)dy , < s <t . 

R2 

In view of 1)2. 6|) . the second integral in the right-hand side converges to zero as s goes to 
zero. On the other hand, since y i— > Tu{x,t;y,0) is continuous and vanishes at infinity, and 
since uj{-, s) ^' ;U as s — > 0, we can take the limit s ^ in the first integral and we obtain the 
following useful representation: 

uj{x,t) = / Tu{x,t;y,0)dn{y) , x € R^ , 0<t<T. (3.3) 

Since r„(x,t;y,0) is positive and satisfies 1)2. 7|) . it follows that ||u;(-,t)||^i < H/^Ha^ for all t £ 
(0, r). Thus we can assume that K = \\h\\m without loss of generality. 
Inserting ()3.1() into (|3.3|1 . we obtain the decomposition 



i=l 



{x,t) = '^uJi{x,t)+ujo{x,t) , (3.4) 



where 
and 



u;i{x,t) = aiTuix,t;zi,0) , x € R^ , t € (0,r) , (3.5) 

tDo(x,t) = / T^{x,t;y,0)dfio{y) , x £K\ t £ {0,T) . (3.6) 

Thus, although (|1.3() is a nonlinear equation, we see that the decomposition H3.1() of the initial 
measure induces a natural decomposition of the solution uj{x,t). Using the properties of the 
fundamental solution r„ listed in Section [2. 11 one easily obtains the following results: 

• For all i£{l,...,N},uJi£ C°{{0,T),L^(II^) n L°°(R2)) is a solution of ((SHJ) with U{x,t) = 
u{x,t), namely 

^ + u-ViOi = ALO^, tG(0,r). (3.7) 

at 

For any t G (0, T), f-^2 i^i{x , t) dx = ai, \\uJi{-,t)\\Li = |aj|, and 



Ki\ai 



\x — z 



|2 



uJi{x,t)\ < ' ' e~^^t^ , xeR^ . (3.8) 



In particular, uji(-,t) -^ aiSz^ as t ^ 0. 

• Similarly, Coq G C^{{0,T),L\K'^) n L°°(R2)) is a solution of 

^ + u-Vuo = ACoo, tG(0,r). (3.9) 

Moreover, ||a;o(")*)||Li < IIa*o||a^ ^ II^IIa4 for ^^ ^ ^ (Oi^)i &iid a;o(-,i) ^ /^o as t — > 0. 

Since u{x, t) is smooth for t > 0, it is clear from p.Tf) . (|3.9|1 that a;j(x, t) and u)o(a;, t) are smooth 
functions of x G R^ and t G (0, T). 

For i G {!,..., N}, we have seen that uJi{x, t) is a solution of ()3.7() with a Dirac mass Oj^^. 
as initial data. If we believe in uniqueness, we expect that uJi{x,t) will be very close, for small 
times, to an Oseen vortex located at Zi with circulation Oj. Thus if we further decompose 



uji{x,t) = jG\^^^j+am{x,t) , xGR% tG(0,r), (3.10) 

where G is defined in ()1.6|) . we expect that the remainder uJi{x,t) will be small as i — > 0. 
Summarizing, we have 

Af _ ^ _ 

uj{x,t) = Y^^G(^^)+d;{x,t), u{x,t) = ^^^;<?(^Z^)+n(x,t) , (3.11) 



i=l 



t 



Vt J '''' ''' f^Vt \ Vt 



where 

TV Af 

oj{x,t) = uJo{x,t) + '^aiLLii{x,t) , n(x,t) = uo{x,t) +'^aiUi{x,t) , 

and where (for i G {0, . . . ,N}) Ui{x,t) denotes the velocity field associated to Cbi{x,t) via the 
Biot-Savart law. In ()3.11|) . remark that the explicit terms in the sums depend only on the initial 
measure //, not on the solution uj{x,t). 

4 Integral equations and main estimates 

In this section we derive integral equations for the remainder terms uJi{x,t) defined in ()3.6|1 
and ()3.1U() . and we also list a few important estimates which will be proved in Section |H1 We 
start in Section [4. II with uiQ{x,t), which we call the "diffuse part" because it is associated to the 
measure ^o which (by construction) has small or no atomic part. The remaining terms u)j(x,t) 
(i G {1, . . . ,N}), which originate from the large atoms of the initial measure fj,, will be dealt 
with in Section [4.21 

4.1 The diffuse part 

Let CJo{x,t) be defined by 1)3. 6(1 . Our first result shows that u}o{x,t) is small in an appropriate 
sense as i — > 0, because the measure /Uq has a small atomic part. 

Lemma 4.1 For any p G (1, cxd], there exists K5 > (depending only on p and K) such that 

limsupt p||u;o(-,t)||LP < -K'sll^ollpp • (4.1) 



Proof: This property is established in f|16j. Lemma 4.4) in the particular case where tDo(-,t) = 
e /Uq. By (|2.5|) . the fundamental solution Tu{x,t;y,s) satisfies a Gaussian upper bound which 
has the same form as the heat kernel e'*~*^ (j;,y), so using the same arguments as in jl6| we 
immediately obtain (|4.1|) . D 

Our next result reflects the fact that /iod^j}) — for i € {!,••• ,N}. 

Lemma 4.2 Asswne that x ■ [0, +oo) -^ R_|_ is continuous and nonincreasing, with x(0) = 1 
and x(^) ^0 as r ^ oo. Then for all i £ {1, . . . , N}, the following estimates hold: 

limt^~ppo(:E,t)x(^^)||LP =0, l<p<+oo, (4.2) 

linii^-i||no(x,t)x(^^)||L| =0, 2 < g < +cx) . (4.3) 

Proof: See Section EH D 

We now derive an integral equation for oJQ{x,t). Replacing in (|3.9|) the velocity field u{x,t) 
with its expression (|3.1H) and using Duhamel's formula, we obtain for < s < t < T the integral 
representation 

cDo(t) = SN{t,s)Cbo{s) - [ SN{t,t'){u{t') • VcDo(t'))dt' , (4.4) 



where Oo{t) = oJQ{-,t), u{t) = u{-,t), and 5'Ar(t,s) is the evolution operator associated to the 

a» „.G f x-Zj 



convection-diffusion equation (|2.1|) with U{x, t) = Yli=i ^ '^'^ ( ^~^ ) • From Section lTTI we know 



that 



iSNit,s)f)ix) = [ ruix,t;y,s)fiy)dy , x E R^ , 0<s<t 

JR2 



where the fundamental solution Tu satisfies (|2.5() to 1)2. 8() for some constants Ki,K2 depending 
on Mpp (but otherwise independent of N). By Remark 12. 11 Tij{x,t;y,s) can be continuously 
extended to s = 0, so that SN{t, s) is well-defined for < s < i. The following properties of this 
operator will be useful: 

Proposition 4.3 Let p £ [IjOo]. 

i) There exists Kq > (depending on Mpp) such that, for any measure v G 7W(R^), 

\\SN(t.s)v\\Lv < V^lklU, 0<s<t. (4.5) 

{t-sf~-v 

ii) For any 7 G (0, ^), there exists Kj > (depending on Afpp and 7J and to > (depending 
also on d) such that, for any function f G L^{^), 

\\SN{t,s)Vf\\Lv < ^V^(-)1/||li , Q<s<t<s + to. (4.6) 

Proof: See Section 10 □ 

Remark 4.4 We believe that \4-(^ holds for 7 = and to = -|-cxd, but we were not able to prove 
that. In what follows, we assume without loss of generality that to <T. 

As a consequence, if we write u(t') ■ VLJo{t') = V • (n(t')a;o(t')) ™ the right-hand side of (|4.4|1 
and if we use the bound (|4.6() . we see that the integral in ()4.4() has a limit in L^(R?) as s ^ 0. 
Moreover, proceeding as in the proof of (|3.3j) . we obtain S]\f{t,s)iJQ{s) -^ SN{t,0)fJ-o as s — > 0. 
Thus tDo(t) satisfies the integral equation 

wo(t) = 5iv(t, 0)/io - / SNit, s)V ■ {u{s)uo{s)) ds , 0<t<T . (4.7) 
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4.2 The atomic part 

We now fix i £ {1, • • • ,N} and consider the quantity uJi{x,t) defined in (|3.5() . H3.10|) . Follow- 
ing ^01, ^2, we introduce the self-similar variables 

C = ^, r = log(t). 

We define new functions ■Wi{^,T), Vi{^,T) by the relations 

1 / X — Z' \ \ / X — Z ' \ 

Lbi{x,t) = jWii^ — -^,log(t)j , Ui{x,t) = —FVii^ — -^,log(i)j , (4.8) 

where x S R^, t E (0, T), hence ^ G R^, r G (— oo, log(T)). For notational convenience, we also 
define 

Wii^r) = aiG{i)+aiWi{i,T) , Vi{^,T) = aiV^{i) + aiVi{^,T) , (4.9) 

where G and v'-' are defined in (|1.6|1 . In view of H3.1U|) . we thus have 



1 / X — Z' \ \ / X — Z ' \ 

uji{x,t) = jWii^ — -^,log(t)j , Ui{x,t) = —FVi[ — /^,log(t)j , (4.10) 



where Ui is the velocity field associated to Wj via the Biot-Savart law. 

Inserting these definitions into H3.7|) . we obtain the following evolution equation for wf. 

-g;^{C,T) +Vi{^,T) -Vwiitr) + R,{^,t) ■Vw,{C,t) = {£w,){^,t) , (4.11) 

where C is the Fokker-Planck operator (|2.1flp and 

N 

R^{C,r) = ^t;j(e-(^j-^*)e-5,r)+eino(?ei+Zi,e") . (4.12) 

i=i 

The corresponding integral equation reads: 

w,{t) = S{t - To)wi{To) - r S{t - T')(vi{T') + i?i(r')) • Vw,{t') dr' , (4.13) 



TO 



for — oo < tq < T < log(r). Here S{t) = exp(T£) is the semigroup generated by C, and ti'i(r) = 
Wi{-,T), Vi{T) = Vi{-,T). Alternatively, using ()2.16|) and the fact that Vi, Ri are divergence- free 
vector fields, we have 



Wi 



(r) = S{t - TQ)w^{To) - f\-^^^^-^'^V ■ S{t - T')({vi{T') + R^{t'))w^{t')) dr' . (4.14) 

Jto 



It is clear from the definitions that Wi € C°((-oo,log(r)), L^(R2) n L~(R2)). Moreover, 
by (|3.<S|) . we have the pointwise bound 

\wi{tr)\ < Kilaile-f^^^^'/^ , C G R^ , -oo < r < log(T) . (4.15) 

In particular, for any m > 1, the trajectory {wi^r)} is bounded in the weighted space L'^{m) 
defined in ()2.12|) . Since Wi{^,T) is smooth, it follows that Wi £ C°((— oo,log(r)), L^(?n)) for 
any m > 1. Our next result shows that Wi{T) actually converges to aiG as r — > — oo: 
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Proposition 4.5 For any i £ {1, . . . ,N} and any m > 1, Wi{T) -^ a-iG in L'^im) as t ^ — oo. 

Proof: See Section O D 

This result implies that Wi{T) converges to zero in L'^{m) for any m > 1. In particular, 
returning to the original variables, we obtain 

lhnt^-p\\Coi{-,t)\\LP = , pG [1,2] . (4.16) 

We now derive an integral equation for the remainder ^Z)^(^, r). If we neglect for the moment 
the term Ri ■ Vwi in ()4.11|) . and if we replace in this equation the functions Wi,Vi by their 
expressions (|4.9|) and keep only the linear terms in Wi,Vi, we obtain the following equation: 

-^ + ai{v^ ■ Vwi + Vi ■ VG) = Cwi . 

As is shown in J2]) this system defines a Cq semigroup in L'^{m), which we denote by Tai{T). 
We have the following result, which generalizes Proposition 12. 2t 

Proposition 4.6 Fix a G R and m > 1. 

i) There exists Kg > such that, for all w G Lp'{m), 

\\Ta{T)w\\L^{m) < Kfi\\M\L^{m) , T > . (4.17) 

ii) If moreover m > 2 and w £ LQ{m) then 

\\Ta{T)w\\L2(^^^-j < Kse~^\\w\\L2(^^) , T>0. (4.18) 

iii) Finally if q £ [1,2] and m > 2, then Ta,{T)^ can he extended to a hounded operator 
from L'^{m) to Lq^ui) and there exists Kg > such that 

e 2 

||Ta(T)Vu'||i2(^) < i^9 T\\M\Li{m) , T>0, (4.19) 

a{T)i 

where a{T) = 1 — e""^. 

Proof: See Section lO D 

Remark 4.7 One can show that the constants Kg, Kg in Proposition \4- 6| are uniformly hounded 
for a in compact intervals. 

Now if we replace in H4.11() the functions Wi, Vi with their expressions ()4.9() and if we use the 
above notation, we see that Wi{T) is a solution of the integral equation 

Wi{T) = Ta^{T - To)wi(ro) - / Ta^{T - T')(aiVi ■ Vwi + Ri ■ V(G + Wi)] (r) dr' , 

Jto 

for — oo < tq < T < log(r). By Proposition 14.51 Wi^r) — > in L^{m) as r ^ -co. Thus taking 
the limit tq -^ — oo and using Proposition 14. 6| we obtain the desired equation: 



WiAT 



r r„,(r - r')V • (aMr')wiiT') + R^{r'){G + «),(r'))) dr' . (4.20) 

J —oo 
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5 The contraction argument 

This section is devoted to the proof of Theorem 11.11 and of the continuity statement in The- 
orem ^21 By ()3.11|) . we know that our solution uj{x,t) can be decomposed into a finite sum 
of Oseen vortices and a remainder ijj{x,t) which is small due to (|4.1j) . (|4.16|) . Thus a natural 
idea is to consider the equation satisfied by tD(x, t) and to apply a Gronwall argument as in |16j . 
However, this approach requires very precise estimates on the evolution operator associated to 
the linearized equation 

which are not easy to obtain. Instead we chose to apply a Gronwall argument directly to the 
set of equations 1)4 .71) (|4.2U|) . because the evolution operators 5Ar(i, s) and Tq. (r) that appear in 
these equations are simpler to estimate and were already studied in j2S]j J12j . The price to pay 
with this approach is that (|4.2U|) still contains some linear terms in the right-hand side, which 
will make the Gronwall argument more delicate. 

To make the computations easier to follow, we first deal with a single solution in Section [5. 11 
and in Section 15.21 we deduce estimates on the difference of two solutions which will imply 
Theorem 11.11 In Section 15.31 this argument is adapted to prove the continuity statement in 
Theorem 11.21 

5.1 Estimates on a single solution 

Let a; be a solution of H1.3() satisfying the assumptions of Theorem ll.il and let u be the cor- 
responding velocity field. We recall that the initial measure ^ can be decomposed as in ()3.1() . 
with II/UqIIpp < e for some e > that will be fixed in Section ^21 According to (|3.11j) . oj and u 
can be decomposed as follows: 



i=l 



t 



Vi ^ ' ' ' fr(Vi ^ Vi 



where 

N N 

oJ(x,t) = ijo{x,t) + '^aiLbi{x,t) , u{x,t) = uo{x,t) +^^aiUi{x,t) . 

Moreover, according to (|4.7I) and (|4.2UI) . the remainder terms uJi satisfy the following integral 
equations: 

• For i = and < t < T, 

oJoit) = SNit,0)fio - f SNit,s)V-iu{s)Qo{s))ds . (5.1) 

Jo 

• For i e {1,. . . ,N} and -oo < r < log(r), 

Wi{r) = - r T,,(t - r')V • (aMr')m{T') + i?i(r')(G + m{r'))) dr' , (5.2) 

J — oo 

where according to (|4.8j) 

WiiCr) = e^iDi{Ce^,e^) , Vi(^,r) = eitti(^e^,e^) . 
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Fix m > 2. For t G (0, T), we define M{t) = max{Mo(t), Mi(t), . . . , MAf(t)}, where 

Mo(t) = sup s3||wo(s)|| 4 , Mi{t) = sup \\wi{'r')\\mm) , ie{l,...,N}. 

0<s<t ^•' -oo<r'<log{t) 

We have the following results: 

Proposition 5.1 There exist positive constants Kiq,Kii (depending only on Mpp) such that 

Mo{t) < 6i{t) + KnMo{t)M{t) , < t < to , 

where to > is as in Proposition \4-'J\ and 5i{t) < Kios fort > small enough (depending on fio)- 

We recall that Mpp and d are the quantities defined in (|3.2() . 

Proof: The first term in the right-hand side of (|5.1j) can be estimated as in Lemma l4.H namely 

limsupt4||S'Ar(t,0)/io|| 4 < -^^lollAiolIpp < Kiqe , (5.3) 



1 



where Kiq depends only on Mpp. To bound the integral in (|5.1j) . we observe that t* ||a)j(t)|| 4 < 
CMi{t) for < f < T. This is obvious for i = 0, whereas for z G {1, . . . , A^} we have 

ti||cD,(t)||^4 = ||*i(log(t))||^4 < C||u;,(log(t))||i2(„) < CMi{t) , 
since L'^{m) ^^ L3(R2). It follows that 

N 

t"^Mt)\\ 4 < Mo{t) + C^\aim{t) < C\M{t) , 



i=l 

where Ci > depends only on Mpp. As a consequence, using ()2.18|) and Holder's inequality, we 
find 

||n(t)cDo(t)||ii < ||n(t)||^4||cDo(t)||^4 < C\\Co{t)\\^4\\Coom^^ < C^^^^^^^ , 0<t<r. 
Now, using Proposition 14. 3( we obtain for t £ (0,io) 



f S'Ar(t, s)V- (u(s)a}o('S))ds 4 < t^ ^(-) II^(s)'^o(s)||li ds 

^^ Jo (t-s)4 ^^y 

1 /•* C /i\7Mo(s)M(s) , , , , 

< t^ / t{-) ^ \ ^ ^ ds < KiiMoit)M{t) . 

Jo {t — s)i ^-5^ S2 

Combining this estimate with (|5.3|) we obtain the desired result. D 

Proposition 5.2 There exists a constant K12 > depending only on Mpp such that, for all i G 
{l,...,N} and all t G (0,r), 

Miit) < 52{t)+rj{t)M{t)+Ki2Mi{t)M{t) , 

where rj{t) and 62{t) converge to zero as i — > 0. 
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Proof: We fix i E {1, . . . , A^} and estimate successively all terms in the right-hand side of (|5.2() . 
Using (|1?T^ and (jm|) . we obtain 



T^Ar-r')V-(aMr')wi{T') + R,iT'){G + m{T'))]dT' = ^Fi,fe(r) , (5.4) 



fc=i 



where 



jy^i 



^mW = E / ^"^(^ - ^')^ • h^^'i^ - (^j-^Oe-^)G') dr' 



j7^^ 



Fi,2{r) = Y. T„,(r-r')V- a,t;,(e-(z,-z.)e-^,r')G dr', 



F,,3(t) = / T„,(T-T')V-(e^no(ee^+z„e-')G)dr', 

J — CO 

FiAir) = Y.f ^"^(^ - ^')^ • («i^^(? - (^,-^*)e~^)u;^(r')) dr' 



N 



i=i 



i^i,5(r) = J^ / T^^r- t')V • (ajti,(e - (z,-z,)e"^,r )u;»(r')) dr' 



Fi,6(T) = / T^^T - t')V • fe^MoC^e^ + z„e"')u)i(r')) dr' . 



We start with Fi^i. Recalhng that ||w||j;^2(^) = ||6™w||^2 with 6(^) = (l+|^p)2, we find using 
Proposition 14.61 



\F^,l{T) 



lL2(m) 



< 



< 



^9 J]l«il 



i^i 



T — T 

e 2 



oo a r — r 2 



-||t;^(e-(z,-z0e-^)5™G||i2dT' 



K.T. 



a-i 



j¥=i 



T — T 

e ~^~ 



oo a T — r 2 



T%(-^')l|G'llL2(m+i)dr' , 



where 



def 



9j{t) = sup |6(e)-^«^(e - (z,-^i)e-2 )| , j^i 



Using the exphcit expression (|1.6j) . it is easy to verify that ^j(t) < Ce2 for some C > 
depending only on d. It follows that 



Fi,l{T)\\L^m) < Cie2 , -oo < T < log(r) , 



(5.5) 



where Ci > depends on Mpp and d. 
To estimate -Pj^2; we write similarly 



l^i,2(^)||L2(„) < Kg^lOj 

j^i J~ooa{T-T')2 



T — T 

e ~^2- 



v^{^-{z,-Zi)e-^,T')b"'G 



L2 



dr' 



Next, we fix q G (2, oo) and u G (0, 1) such that '^ > |- Then, by Holder's inequality, 



< 



L2 



b''-hj{T') 6(e - {zj-Zi)e-^)l-''b'^G 



2q 



Li- 



lb 



In view of ()2.2Uj) the first factor in the right-hand side can be estimated by (7||wj(r')||^2(^), and 

a direct calculation shows that the second one is bounded by Ce ^ g' ^ where C > depends 
on d. Thus 



IF^A^) 



\L^{m) 



< 



^E 



a,- 



e 2 



< C2M(e^)e^^2 



oo a(T — r')2 
i^ 1 



--Tll'*j('^')llL2(m) 



e^'(5~i)dr' 



-(f-t) 



) 



(5.6) 



where C2 > depends on Mpp and d. 

Now we consider Fi^. Using Proposition 14.61 and Holder's inequality, we obtain 



\Fi,3{r) 



\L'^{m) 



< Kq 



< c 



T — T 

e 2 



-00 alT — T 2 



e^uoi^e^ +Zi,e^')G^ ^ ||6"G5 11^4 dr' 



T — T 

e 2~ 



-00 a{T — t') 



-Xi{e^')dT' < CsX^ien 



(5.7) 



where C3 > depends on Mpp and 



1 \x-2i\ 

Xi{t) = sup si\\uo{x,s)e 83 11^4 . 

0<s<t 

Applying Lemma E21 with q = A and x{^) = exp(— r/8), we see that Aj(t) converges to zero as t 
goes to 0. 

For the term i^^ 4, we first remark that 



|-^J,4('r)||i2(„) < KgJ2\ 



T — T 

e 2 



a{T — t') 



—rWv^ii - {zj-Zi)e "2 )*i(T')||L2(^) dr' . (5.^ 

■Mo 



Since u'^ e L°°(R2), it follows that 



\FiA{r) 



lL2(m) 



< 






T — T 

e ^2~ 



-00 alT — T 2 



--Tll*«(r')llL2Mdr < C^Mi(e^) , (5.9) 

/ 1 o 



where C4 > depends on Mpp. This bound will be used later on when estimating the difference 
of two solutions. It is not sufficient for our present purposes because, unlike in 1)5. 6() . the prefactor 
of Mj(e'^) does not converge to zero as r — > —00. To estimate Fi^4 more precisely, we observe 
that, on the one hand. 



lei < i-* 



"''(?- (if-'-.)e-T)|<Ce- 



where C > depends on d. On the other hand the bound H4.15() on Wi{^,T) implies that 






l\C\2 



\w. 



:(e,r')|<Ce-fl«l' < Ce-tl«l e 



^lf|2 /3d 

32 



It follows that 



\v^iC - izj-Zi)e-^)wi{T')\\L2^^) < C(^e^||'u}i(T')||L2(^) + C(e^)j 
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where C > depends on d and ({t) = ex.p{—p/t) for some p > 0. Replacing into (|5.8|) . we thus 
find 

mAr)\\LHm) < C4(eiMi(eO + C(e")) , (5.10) 

where C4 > depends on Mpp and d. 

To estimate Fj^s we have by Proposition 14.61 for 1 < p < 2, 



N 



\Pi,5iT)\\L2{m) 



< 



Kg^\aj\ 



T — T 

e 2 



j=i •'-°° a(r — t')p 
If 6(^) = (l+|^p)2, we have using (|2.18j) and Holder's inequality 

\\VjWi\\Lp(m) = \\b'^VjWi\\LP < \\b"^'Wi\\L'2\\Vj\\ 2p_ 






< C'll^i||L2(m)||'W^il|LP < C\\Wi\\L2(^jn)\\Wj\\L-2{m) ■ 



It follows that 



TV 



||i^^,5(r)||L2(„) < CY,\aj\Mj{e^)Mi{e^) < C5M,(e^)M(e^) , 

where C5 > depends on Mpp. 

Finally we consider the last term, Fi^. Choosing p = g G (li 2), we obtain as above 



(5.11) 



ll^i,6(T)||L2(^) < Kg 


r e-^ 


/ / N^ 


J 


-00 a[T — t'jp 


< Kg 


r e-^ 


/ 1 


J 


^00 a{T — t')p 


Usinsf (|2.18(). we find fwith t 


= en 



t' t' I 



LP{m) 



dr' 



t' t' I 

e~uo{^e~ +Zi,e'^) 2^^ ||u'i(r')||L2(m) dr 



L^^ 



|e2'Uo(Ce2 +Zj,e^)|| 2p 



t^ p\\uo{-,i)\\ 2p < Ct^ 'p\\Cbo{-,t)\\LP < CMo{t) 



L2=|; 



hence finally 



i^i,6(r)||L2(„) < C6Mo(e^)M,(e") , 



(5.12) 



where Cq > depends on Mpp. Collecting estimates ()5.5() to 1)5. 12() . we obtain the desired bound 
on Mi(t). This concludes the proof of Proposition 15.21 D 

Note that Propositions 15 . ll and 15 . 2l together imply that 

M{t) < 5{t) + r]{t)M{t) + Ki^M{tf , < t < to , (5.13) 

where K13 > depends only on Mpp, r]{t) goes to zero as t ^ 0, and 5{t) < Kiqe if t > is 
small enough. Both functions r](t), 6{t) depend on the full initial measure /i, not only on Mpp 
and d. 
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5.2 The uniqueness proof 

This section is devoted to the end of the proof of Theorem 11.11 Let lo^^' and lo^"^' be two 
solutions of (|1.3|) satisfying the assumptions of Theorem 11.11 with the same initial measure /U. 
Each solution can be decomposed as in 1)3. 11() . namely 



N N 



iV iV 



for (. £ {1,2}. Estimate 1)5. 13() becomes, with obvious notations, 

MW(t) < J(t)+r?(t)MW(t) + Ki3MW(t)2 , ie{l,2}, 0<t<to. (5.14) 

Now, we define A(t) = max{Ao(t), Ai(i), . . . , A]\[{t)}, where 



Ao(t) = sup s 4, \\uq ' (s) — uJq {s 
and 



0<s<i ^^ 



Aiit)= sup ||u;f)(r')-u;f (t')||l2(^) , i E {1, . . . , iV} . (5.15) 

-00<T'<l0g(t) 

Here and in the sequel, w\ {S,,t) = e'^u- (^e2,e'^) for £ G {1,2}. We have the following result: 
Proposition 5.3 There exists a constant K14 > depending only on Mpp such that 

A(t) < r/(t) A(t) + Ku (m(i) (t) + M(2) (t)) A(t) + ((t) , < t < to , 
where 7]{t) goes to zero as t ^ and (^(t) = Ce~P'^ for some p > 0. Moreover, 

A(t) < r?(t)A(t)+i^i4(M«(t) + M(2)(t))A(t)+ifi4 [ ^^""l , ds . 

^ ^ Jo (t — S)2S2 

Proof: The argument consists in mimicking the proofs of Propositions 15. ll and 15.21 above. We 
start by estimating Ao(t). We have of course 



4')(t)-d)f (t) = - / SN{t,s)V-(u^'Hs)Cbl^\s)-u^'\s)Coj^\s))d 



If we write u^^'uJq — u^'^'lOq = {u^^' — u^'^')oJq + u'-^^(u)q — i^q ) and if we proceed exactly as 
in the proof of Proposition 15.11 we obtain 



Ao(t) < C7oA(t)(Af«(t) + M(2)(t)j , < t < to , 

where Cq > depends only on Mpp. 

We now bound A,{t) for i G {1, . . . , N}. Let Gi,fe(r) = F^^^f}{r) - f}^{t) for A; G {1, ... , 6}, 

where F^-J and F^J are defined in analogy with (|5.4jl . Then obviously Gj^i = 0. The quadratic 
terms Gi^k for k G {5, 6} can be estimated as in the case of Aq above. In view of 1)5. 11() . 1)5. 12() . 
we thus find 

\\G^Mr)\\LHn.) + \\G^,e{r)\\LHm) < Ci A(e^) (m« (e^) + M^^) (e^) 
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for T G (— oo,log(T)), where Ci > depends on Mpp. It remains to bound the hnear terms Gi^k 
for k G {2, 3, 4}. Proceeding as in the proofs of (|5.(i|) . (|5.1()|) . we obtain 

||G',,2(t)|U2(^) < C2A(eOe"^^-^) , ||Q,4(r)||i2(^) < C4(eiA,(e-) + C(eO) , 

where C2, C4 depend on Mpp and d, and C,{t) = Ce^'''* for some /? > 0. Furthermore, using the 
analogue of (|5.9j) . we have 



T — r 

|Gi,4(r)||i2(„) < C4 / — ^ -T\\wt\T')-wf\T')\\L2(^^)dT' 

J -00 a{T — t')2 



where C4 depends on Mpp. Returning to the original time variable t = e^ , we thus find 
l|Gi,4(log(t))||L2(„) <C'J ^'^'} , ds, 0<t<T. 

Jo (t-s)2S2 

Finally, according to (|5.7() . we have the bound 



T — T 



dr' 



J -00 a[T — t')2 

T — T 

< C f ^ ' , Ao(e"')d^^ < C3Ao(e^) , 
J -00 a{T — r')2 

which is sufficient for our purposes since Ao(t) < CoA(t)(M'"'^-'(t) + M^^)(t)). Collecting all these 
estimates, we obtain the desired bounds on A(t). This concludes the proof of Proposition 15.31 

D 

Proof of Theorem ll.lt Let K = max{i^5,ii'io}, where K^ is as in Lemma l4. II and Kiq as in 
Proposition 15. 11 Assume that e > is sufficiently small so that 

IGKisKe < 1 , and IGKuKe < 1 , (5.16) 

where K13 is as in 1)5.14(1 and K14 as in Proposition 15.31 Finally, choose ti G (0,to] sufficiently 
small so that 

7]{t) < - , and 6{t) < Ke , for < i < ti , 

where S{t),r]{t) are as in (|5.14|) and ri{t) appears in Proposition 15.31 as well. We shall prove 
that A(t) = for G (0, ii], hence uj^^'>{t) = u;^^)(i) on this time interval. Since u;^^\ti) G 
L^(R?) n L^(R?) and since the Cauchy problem is well-posed in that space, it will follow that 
a;W(i) =J^\t) for all tG (0,r). 

We claim that M(^)(i) < 2Ke for I G {1,2} and t G (0,ii]. Indeed, by Lemma KT\ and 
Proposition 14.51 this is true at least for t > sufficiently small. On the other hand, it follows 
from ((5111) that 

MW(t) < Ke + -MW(t) + Ki3MW(t)2 , < t < ti , 

hence M^^\t) < 2ke as long as i^i3M(^)(t) < \. Since Ki^{2ke) < |, this proves the claim. 
Now, it follows from ((5.16(1 and Proposition 15.31 that 



A(t) < lA(t) + C(t) , and A(t) < ^A{t) + Ku J 



Ais) 



{t — 3)232 
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1— fds 



for t G (0, ti]. The first inequality implies that A(t) = 0{t°°) as t — > 0. In view of Lemma 15.41 
below, the second bound then implies that A(t) = for t £ (0,ti]. This concludes the proof of 
Theorem 11.11 D 

Lemma 5.4 Let f : [0, T] -^ R-|_ be a continuous function satisfying 



fit) <k[ 

Jo 



■^r-r ds , < t < r 



'0 (t — 5)252 

for some K > 0. If f{t) = 0{t°') as t ^ for all a>0, then / = 0. 

Proof: Given a > 0, we define 

f(s) 
F„(t) = sup ^ , < t < r . 

0<s<i S 

If Fa{T) < 00, we have for t E (0, T]: 

fit) K [' j-F^f^ , ^l^Pm 

'' f^ JO (i — 5)252 

where 

B{p,q)= j\l-xY-\'^-Ux = y^^^^ , p,g>0. 

Jq r(p + g) 

It follows that F„(r) < KB{\,a+\)Fo,{T). Now, if f{t) = 0{t°°) we can take a > large 
enough so that KB{\, a+\) < 1. Then F„(r) = 0, which implies / = 0. D 

5.3 The continuity proof 

In this section we prove that the (unique) solution of H1.3|) depends continuously on the initial 
data in the norm topology of A4(R^), as stated in Theorem 11.21 The arguments are very 
similar to those leading to the uniqueness theorem, except for the fact that the initial measures 
associated to both solutions are now different. So we shall merely sketch the proof and emphasize 
where the arguments of the previous sections must be adapted to infer continuity. 

Fix /i^^' G A4(R^), and assume that /u^^' is another finite measure satisfying ||/i(^' — /i^^' IIa4 ^ 
6 for some sufficiently small 6 > 0. This implies in particular that the large atoms of fi^^' , /x'^^ 
are located at the same points in R^. More precisely, we can assume that both measures are 
decomposed as in Section |31 namely 

N 

where a- = /x(^'({zj}) 7^ and ||/Xq ||pp < e. The parameter e > is independent of 6 and will 
be assumed to satisfy a smallness condition similar to 1)5. 16() . By construction, we have 

TV 



I/"' ' -/"' '\\M 



El 1) 2), , II 1 2) II , r 



i=l 



For £ G {1,2}, let w^ G C°((0, +oo),LHr2) nL°°(R2)) be the solution of dOl) with initial 
data n^ ' . Each solution can be decomposed as in (jS^^, namely 



CO 



N {£) N 

^\x,t) = Y.^G{^)+Co('\x,t) , ^W(.,t) = 4^)(x,t) + ^af)^f (x,t) . 
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Using the same notations as in the previous section, our goal is to control the quantity A(t) 
max{Ao(t), Ai(t), . . . , Aiy{t)}, where 

Ao(t) = sup \\oj^q\s)-uj^q\s)\\li+ sup Si\\lJj^^\s)-OJ^Q\s)\\ 4 



0<s<t 



0<s<t 



LS 



and Aj(t) is defined by H5.15() for i £ {1, . . . ,N}. We shall prove that, for any v G (0, 1), there 
exists T > and C > (both independent of 6) such that A(T) < C5'^. In particular, this 
implies 

sup \\J^\t) - J^\t)\\Li < 06" . (5.17) 



0<t<T 



Since the Cauchy problem for (|1.3|1 in L^(R^) is globally well-posed and since the solution is a 
locally Lipschitz function of the initial data in that space, uniformly in time on compact intervals, 
it follows that (|5.17j) holds for any T > 0. This proves the continuity claim in Theorem ll.2l 

To bound Ao(t) we write 



Cj;^\t)-4\t) = (4^) (t, 0) - 4') (t,0))/x« + 5g)(t,0) (/.«-/.(') 

' (5^;) (t, s) - S^^^ {t,s))v- (n(i) (s)cD« (s)) ds 

^S^^\t,s)V- (u«(.)cD«(s)-n(2)(5)42)(s)) , 



where Sj^{t,s) denotes the evolution operator associated to the convection-diffusion equa- 

The difference Sj^ {t,s) — SJ^ (t, s) is estimated 



tion (Ell) with U{x,t) = J2f=i^v^[-^t 

using the following variant of Proposition 14.31 which can be proved by a standard perturbation 

argument (we omit the details). 

Proposition 5.5 Let p G [1, cxd] and let S)^ and Sf^ be defined as above. 

i) There exists Ki^ > independent of 6 such that, for any measure v G A4(R^), 



S'^^\t,s)-S%\t,s))v 



^' (t-sf—v 



0<s <t . 



ii) For any 7 G (0, |), there exists Kiq > and to > (both independent of 5) such that, for 
any function f G L^(R?), 



[S^ji\t,s)-S^^\t,s))vf 



< 



KieS 



L" (t-s)t-|^5 



t\7 



0<s<t<s + to . 



Using Propositions 14.31 and 15.51 and proceeding as in Section \^?^ above, it is not difficult to 
show that 

Ao(t) < Co5{l + m(i) (t)2) + Co (m(i) (t) + m(2) (t)) A(t) , < t < to , 



where Co > is independent of 6 and to > is as in Proposition 15.51 

To bound Aj(t) for i G {1,...,A^}, we consider the integral equations of the form (|5.2|) 
satisfied by the rescaled functions w^ (r) and w\ (r), and we estimate the difference of both 
expressions. To this end, we clearly need a bound on the linear operator {Ta{T) — Ta'{T))V with 
a ^ a' . This is the content of the following proposition, whose proof is again left to the reader. 



21 



Proposition 5.6 Fix a G R, m > 2, i/ G (0, 2) o-nd q G [1,2]. Then there exists Kn > 
and /3o > such that if \I3\ < (3q then, for all f G L'^{m), 

r,+^(T) - r„(r) v/ < i^i7|/3| tII/IIl.m > ^ > o , 



As in Sectional we define G,,fc(r) = i^/^^ (r) - ^^.JV) for A; G {1, ... ,6}, where i^^^^^ and 

/ON 

i^^^ are defined in analogy witli (|5.4j) . Arguing as in the previous sections, we find the fohowing 



|G'j,i(r)||i2(„) < Ci^e'''^ , 

|Gi,2(r)||i2(^) < C25e'^^M«(eO + C72e^"A(eO, 

|Gi,3(r)||L2(„) < C3<5M«(e^) + C3Ao(e^), 

|Gi,4(r)||i2(^) < C45M(i)(e") + C4(e''"A(e^) + C(e^ 



where v G (0, 2) and C,{t) = Ce ^'* for some p > 0. Here and in the sequel, all constants are 
independent of 5. As in Section [5.21 the term Gj_4(r) can also be estimated as follows: 

||Gi,4(log(t))||L2(^) < C4(^M«(t) + C4 / ^'^'} , ds . 

JO (t- 5)252 

Finally 

E \\G^M^)\\LHm) < C55M(i)(eO' + C5A(en(M«(eO+M(2)(e-)) . 

fc6{5,6} 

Combining these estimates with the above bound on Ao(t), we finally obtain 

A(t) < Ki8<5(l + M«(t)2)+,?(t)A(t) + Ki9(M«(t)+M(2)(t))A(t) + C(t) , (5.18) 

as well as 

A(t) < Ki8<5(l + M«(t)2) + r/(t)A(t) + Ki9(M«(t) + M(2)(t))A(t) 

+ K20 / M-^ds. (5.19) 

Jo (t — 5)252 

Now, proceeding as in the proof of Theorem II. II in Section [5.21 we can choose e > sufficiently 
small and then ti G (0, to] sufficiently small (both e and ti independent of 6) so that r]{t) < j 
and is:i9(M(i)(t) + M(2)(t)) < 1 for ah t G (0, ti]. The bounds (PTTHj) . ([PTTIIl) then imply that, for 
any h' G (0, 1), there exists K21 > (independent of 5) such that A(t) < i^2i<^'^ for all t G (0,ti], 
which is the desired result. Indeed, we have the following lemma, which is a generalization of 
Lemma 15.41 

Lemma 5.7 Let f : [0, T] -^ R-|_ be a continuous function satisfying 

'' f{s) 



fit) < Ci6 + C2 f 
Jo 



■^r-r ds , < t < T 



'0 (t — 5)252 

for some Ci,C2 > and some S G [0,1]. Suppose moreover that f{t) < Ci5 + (^(t) for all 
t G [0, T], where ((t) = C-^expi—p/t) for some p > 0. Then for any v G (0,1), there exists a 
constant C4 > (independent of 6) such that f{t) < C^d'^ for all t G [0, T]. 
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Remark 5.8 What the proof really shows is that A(ti) < C 6 log{C / 6)"' for some large 7 > 0. 
Thus our method fails to show that the solution of H.'A) is a locally Lipschitz function of the 
initial data. This is because we chose to apply the Gronwall argument directly to equation ^.2(J[ ), 
see the discussion at the beginning of Section\^ 

6 Appendix 

In this final section we prove the main estimates stated in Section^ 

6.1 Proof of Lemma 14.21 

We argue as in the proof of (A6,, Lemma 4.4). Fix p G [l,oo], q E (2, 00], and i £ {1, . . . ,N}. 
Without loss of generality, we can assume that Zj = 0. Using the definition ()3.6I) . the bound (|2.5() . 
and the properties of the Biot-Savart law, it is easy to show that there exists Ci > such that 

C C 

\\oJo{-,t)\\LP < -— tII^oII , \\uo{-,t)\\L'i < ^ttIIa'oII , t>0. (6.1) 

t p f2 1 

Fix any 6 > 0. Since /io({0}) = by assumption, there exists r > such that |/Uo|(i?4r) < ^/Ci, 
where Br = {x £ H^ \\x\ < r} and |/io| denotes the total variation measure associated with /io- 
We decompose 

ujo{x,t) = / Tu{x,t;y,0)diJ.o{y)+ r„(x, t;y, 0) d/io(y) = uj^'^\x , t) + uj^'^\x , t) . 

We also have uo{x,t) = u^^>{x,t) + u^'^'{x,t), where «"' is the velocity field obtained from lo^^' 
via the Biot-Savart law 1)2. 17() . By construction, 

SUpt^-p\\J^\;t)\\Lv < Ci\fXo\{B^r) < S, SUp i^"! ||nW (•, t) ||i, < Ci\flo\{BAr) < S. (6.2) 
t>0 t>0 

To bound u;(^)(x,t), we further decompose 

J^Hx,t) = J'\x,t)lB,A^)+J^\x,t)1^2\B,Ax) '^^^ J^\x,t)+J*H^,t) ■ 
Accordingly we set u^'^'{x,t) = u^^'{x,t) +u^^'{x,t). Using (|2.5() . we find 

\J'Hx,t)\ < iB^M I ^e-'^^dl/.oKy) < e-'^i^ / ^e-z^^dlMoKy) , 

since [a; — 7/| > 2r in the first integral. It follows that 

t'"i||a;(3)(.,i)||^p +t5-|||^(3)(.^i)||^, < Ce-^^ll^olU ^^^ . (6.3) 

Finally ||a;W(x, t)x(|x|Vt)||L? < x(4rVt)ll'^('H-,*)llLP, hence 

t^^i||a;(4)(x,t)x(|x|Vt)||LS < CM^r^/mi^oWM — -- . (6.4) 

Combining 1)6. 2() . ()6.3|) . 1)6. 41) . we obtain limsupf^gt ~p ||u;o(x, t)x(|2;p/t)||/^p < 6. Since 5 > 
was arbitrary, this proves 1)4. 2() . 
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To bound u^^>{x,t), we use yet another decomposition: 



Using the Biot-Savart law (|2.17|) . we find 



-^|a;(^)(y,t)|dy < -1b.(x)||u;W(-, t)||ii < -1b,(x)||/.o|| , 

R2\B2r F - yl '^ ^ 

hence i^-|||^i(5)(.,i)||^q < C{t/r^)^'^\\no\\M ^ as t ^ 0. Finally, 

Summarizing, we have shown lim.sup^^Qt^^'^ \\uQ{x,t)x{\x\'^ /t)\\i^q < 6, which implies ()4.3() . D 



6.2 Proof of Proposition 14.31 

Estimate (|4.5)) follows immediately from the bound (|2.5)) on the integral kernel Tu{x, t; y, s). To 
prove H4.6p . we first remark that it is sufficient to establish this estimate for p = 1. Indeed, once 
this is done, we obtain using (|4.5|) : 



SN(t,'-^)SN{^,s]Vf 



\\SN{t,s)Vf\\Lr' : 

2 \^"K^ / 2 \|/l+t/s\7 



/ 2 \i-- 

LP Vt— S 



5^(^,«)V/ 



Li 



< /^fi 



i^7 



l- 



Li < i^ei^T 



2 \|-^/t\7 



d—sJ ' Vt— s/ V 2 / "" "^ " ' Vf— s 

It remains to prove H4.6() for p = 1. We proceed in two steps: 

Step 1 : the case of 1 vortex 

Fix a G R, and let Si{t, s) be the evolution operator associated to the non-autonomous equation 

-—{x,t) + —^v^[—^)-Vuj{x,t) = Au;{x,t), x G R , t>0. 
ot yt ^ yt ' 

Due to the particular form of the convection term, it is natural to rewrite this equation in the 
self-similar variables ^ = x/^/t, r = log(i). Defining w{£^, r) as in H2.9p . we obtain the equivalent 
equation 



dw 

a7 



(e,r)+a««(0-Vu;(C,r) = (£^)(C,r) , 



(6.5) 



where C is given by (|2.1()|) . We shall show that the autonomous equation (|6.5|) defines a strongly 
continuous semigroup in L-'^(R^), which we denote by Si{t). We claim that, for any r > 0, the 
operator 5i(r)V can be extended to a bounded operator on L^(R^). Moreover, for any 7 > 0, 
there exists Ci > (depending on 7 and |a|) such that, for any w G L^(R^), 

||5i(r)Vu;||^i < Ci "" ' , ||w||^i , r>0, (6.6) 

a(r)2 

where a(r) = 1 — e""^. If we return to the original variables, we see that ()6.6|1 is equivalent 
to (ESJ with iV = 1, p = 1, and to = +00. 

To prove (|6.6|) . we introduce the Banach space X ^^ L^(R^) defined by 



X = IweL^i'R?) 



w 



51/1 + ^2/2 with A, /2GL1(R2)} 
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equipped with the norm 

ll^lk = IkllLi +inf|||/i||Li + II/2IIL1 w = 81/1+82/2 J 
We also consider the auxihary equation for the vector field f = {fi, f2)'- 



^^+a^^div/ = (^£--j/. (6.7) 

Using a fixed point argument as in the proof of Lemma 16.41 below, it is straightforward to 
show that 1)6. 7|) defines a strongly continuous semigroup in L^(R^)^, which we denote by '71 (t). 
Moreover, there exists tq > and C2 > such that, for all / G L^(R^)^, 

ri(r)/||Li < Csll/llii , ||VTi(r)/||ii < -^\\fh^ , < r < tq . (6.8) 

a(r)2 

The evolutions defined by 1)6. 5|) and 1)6. 7() are related via 

div(Ti(r)/) =5i(T)div/, feX, T>0. 

This shows that, for r G (0, tq], 5i(t)V can be extended to a bounded operator from L^(R^) 
into X with bound C2a(r)~2; in particular (|6.6|) holds for r G (0, tq]. Moreover 5i(r) is a 
strongly continuous semigroup in X. Thus, to prove 1)6. 6|) for all times, it remains to show that, 
for any 7 > 0, there exists C3 > such that ||5i(t)||£(x) < Cse~^^~'^''^ . Equivalently, we shall 
show that the spectral radius of 5i(t) in X satisfies /9sp(5i(r)) < e~2 for all r > 0. 

To prove this, we argue exactly as in (|12J, Sections 4.1 and 4.2). We first observe that 5i(r) 
is a compact perturbation of S{t) = exp(r£), and it is easy to verify using (|2.11() that the 
spectral radius of S{t) in X satisfies psp{S{T)) = e~2 for all r > 0. Thus, it remains to 
show that all eigenvalues of the generator L = C — av^ • V of Si{t) are contained in the half- 
plane {A G C I Re (A) < —\}- Assume on the contrary that some A G C with Re (A) > — ^ is 
an eigenvalue of L in X. Since L is rotation invariant, we can use polar coordinates in R^ and 
assume that the eigenfunction 93 associated to A has the form if{r cos 6, rsvn 9) = 'tp{r)e for 
some n G Z. If we study the differential equation satisfied by ip, we find as in f|12j. Lemma 4.5) 
that 

V'(r) ~ Ar^^-^ + Br-^^ e""'/^ , r ^ +00 , 

for some A, -B G C. Now, since (/? G X and Re (A) > —2, we must have ^ = 0, hence ip has 
Gaussian decay at infinity, and J-^2 ^{0 d^ = 0. In particular, 93 lies in the Hilbert space 

Yo = |u;eL2(R2,C) f G-V(OPde<oo, f w{C)d( = o] . 

*■ JR2 Jr2 J 

But it is proved in ^21 that L is self-adjoint in Yq with spectrum {— f | n G N , n > 1} and v -V 
is skew-symmetric in the same space Yq. Thus we necessarily have Re (A) < —2, which is a 
contradiction. 

Step 2 : the case of N vortices 

We now assume that N > 2 and we study the evolution operator SN{t,s) associated to the 
equation 

5 ^ - 

^(x,t) + ^^««(^-3).Vw(x,t) = Au{x,t) . (6.9) 
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As we shall see, if t/d"^ <^ 1 where d = min{|zj — Zj\\i ^^ j}, the A^ convection terms in (|6.9() are 
nearly decoupled, and we can bound S]\f{t, s) using the previous estimates on Si(t, s). 

Let X '■ R-^ ~^ [0)1] be a smooth function equal to one for |x| < ^ and zero for |x| > 3. 
For i G {1, . . . , N} we set Xii^) = xi{^~Zi)/d) and we define xo such that X]i=o Xi{x) = 1 for 
all X G R^. Observe that < xo ^ 1 and that there exists Ci > (independent of d) such 
that II J2to \^Xi\ IIl- < Cid-i and || ZZo \^Xi\ I|l- < Cid'^ for alH G {0, . . . , N}. 

If ui{x, t) satisfies (|6.9() . then for all i G {0, . . . , A} the function uJi{x, t) = Xj(2;)w(x, t) is a 



solution of 



where ao = and 



5a;,: . on q ( x — z 



+ —i=v { — ^ ) • Vui = AiOi - dw{RiUj) + QiUJ , 



R,{x,t) = ^^^«(:^)xi(^) + 2Vx.(x) 



AT 



Q,(x,i) = ^-^y«(_-^j.Vxi(x) + Axi(x) 



By construction, Ri(x,t) and Qi{x,t) are smooth functions of x G R^ and t > 0. Moreover, 

ifR{x,t)-- 

such that 



if R{x,t) = J2i=o \Riix,t)\ and Q{x,t) = Yli=o \Qi{^j't)\, there exists C2 > (independent of d) 



P(-,t)||L- < Y ' IIQ(-'*)IU- ^ § ' * ^ ■ (6-10) 

If we denote by Si{t, s) the evolution operator associated to the ith vortex, we find the following 
integral equation 

u;^{t) = Si{t, s)uj^{s) + / S^{t, t') (- dw{Ri{t')oj{t')) + Q^{t')oJ{t')^ dt' , (6.11) 

for < s < t. 

Now, we fix s > 0, T > 0, and we assume that uii{s) = xi^ f = V{xif) ~ (Sx-i)f for some 
/ G L^(R^). Using ()6.1ip together with the bounds ()4.5() . H4.6() (for one vortex), we obtain for 
s <t < s + T: 

lk(t)||Li < -^(-)lx./llLi+i^6||(Vx.)/llLi+ f K,\\Q.,{t')u{t')U.dt' 

{t-s)2 ^SJ J, 

+ • < I ^ 



-^(V\\R,{t'Mt')u.dt'. 



^(i)llLi < 7-^(7) 'll/llL^+^^ll/llL^+/*^6||Q(0llL^M0llLidt' 



Is {t-t')2 ^t 

Summing over i G {0, . . . , A}, we thus find 

+ f-^(^y\mt')\\L-Mt')\\L^dt'. 

Js {t-t'p ^t'/ 

Thus, if we define (for a fixed s > 0) 

\\uj\\t = sup (t-s)2 - ||a;(t)||Li 

s<t<s+T ^I^ 
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we obtain using (|6.1U|) 



Mt < (^3(1 + — J||/||li+C74-^||cj||t + C5— ||u;||t 



where 0^,04,0^ > are independent of d. If we now assume that T is sufficiently small so that 

T r 1 1 -1 

then IIwIIt < 4C3||/||j;^i, hence 

\\SNit,s)vfh. < J^fiywfw^,, s<t<s+T. 

This concludes the proof of Proposition 14.31 D 

6.3 Proof of Proposition 14.51 



The proof follows the approach of ^2]. Using parabolic regularization, we first show that the 
trajectory {tt;j(r)} is relatively compact in L'^{m). We next prove that the a-limit set Ai of this 
trajectory is fully invariant under the evolution defined by the autonomous equation 

-g:^i^,r)+v,{tr)-Vw,{tr) = {Cwi)iC,T) , (6.12) 

which is obtained by setting i?j = in (|4.11|) . Using the main result of [^ we conclude that 
Ai = {aiG}, which proves the claim. We start with the compactness result: 

Lemma 6.1 For any i £ {1, . . . ,N} and any m > 1, the trajectory {'Wj(T)}T-<iogT 'i-s relatively 
compact in L'^{m). 

Proof: Fix i G {!,..., A^}. By (|4.15|) . for any m > 1, there exists Cm > such that 
||wi(r)||^2(^) < Cm for all r < log(T). Let H^{m) be the weighted Sobolev space defined 
by 

H\m) = {we L\m) \ Vw G L\m)] , |k||^i(„) = \\w\\l,^^^^ + W^wWl^^^^ . (6.13) 

By Rellich's criterion, the inclusion H'^{m+\) ^^ L?'{m) is compact. Therefore, to prove 
Lemma 16.11 it is sufficient to verify that Vwi{T) is bounded in L'^{m) for all tti > 1. To 
this end, we proceed as in ( J2I) Lemma 2.1). Fix m > 1, tq < log(r), and consider the integral 
equation 

Vwi{T) = VS{t - ro)u'i(ro) - / VS{t - s){v,{s) ■ Vw,{s) + Ri{s) ■ Vwi{s)) ds , 
where Ri is given by (|4.12|) . If < r — tq < 1, we can bound, using Proposition 12.21 

\\VWi{T)\\L2^m) < — ^—T\\'WiiTo)\\L2(ni)+ / ^ II (^'i(s) + ^i(s)) • Vu;i(s) ||ij,(^) ds , 

a(r-To)2 Jto a{T-s)p 

where l<p<2. If ^ = ^ — 5; we have according to (|2.17jl 

\\vj{s)\\l'> < C\\wj{s)\\Lr' < C\\Wj{s)h2^m) < CCm , 
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and according to (|6.1() 

We^uoi^ei +Zi,e^)\\Li = e^^^^~~^'^\\uo{-,e^)\\L9 = t^'~^\\uo{-,t)\\Li < Ci||/io|| ■ 
Therefore, we find 

\\{Vi{s) + Ri{s)) ■VWi{s)\\Lp(_rn) < ll^^i(s) + ^i('S) ||l9 || VWi(s) ||i2(„) < C|| V'U;i(s) ||i2(^) , 

hence 

\Nwi{T)\\L2(^rn) < — ^— T + / ^ II VWi(s) ||l2(^) ds , (6.14) 

a[T-To)2 J TO a{T-s)p 
where C2, C3 > are independent of tq. Now, choose T > small enough so that 

fr Csa{T-To)-2 ^ r g3Q(r)^ ^ ^ 1 

sup / Y r d^ = '^^P / 1 r ds < - • 

To<T<To+f -J TO a(r— s)pa(s— ro)2 o<T<f' -^0 a{T—s)pa{s)2 

Then (JHIH) implies that ||Vu;j(T)||i2(„) < 2C2a(r-To)~5 for tq < r < min(To+f',log(T)). 
Since tq < log(r) was arbitrary and since T is independent of tq, there exists C4 > such 
that ||Vt(;j(r)||i2(„) < C4 for all r < log(r). D 



We next show that the term i?j(^,r) in (|4.1H) is negligible as r ^ —00: 
Lemma 6.2 For any i £ {1, . . . , A^}, any m > 1, and any p G (1, 2), the following holds: 

lim ||-Ri(r)u;i(r)||ip(„) = . 

Proof: Let q G (2, cxd) be such that i = i - i. If 6(^) = (l+|^p)l, we have for all r < log(r) 

where Ci > is independent of r. We claim that the last term in the right-hand side converges 
to zero as r — > —00. Indeed, ifO<i^<l — | and j 7^ i, we have 



\b-\{- - {z,-z,)e-^2,T)\\L, < C\\b-% - {zj-Zi)e-^)-''\\Loo\\b''vj{T) 



\Li 



The first factor in the right-hand side is 0{e'^2^ as r -^ — cxd, and using (|2.2()|) the second one 
can be bounded by C'||'u;j(r)||j;^2(„) < C2, where C2 > is independent of r. On the other hand, 
applying Lemma 14.21 with x(r) = (l+r)~2j we obtain (with t = e^) 



I |2 \ — i 

\b-^eiuo{^ei +Zi,e'')\\q = t^~^\uo{x,t)(^l+^''~^'^ 



t^o 



0, 



t 

Thus ||5-ii?i(r)||i9 ^0 asr ^ -00. D 

Now, fix 772 > 1 and let Ai be the a-limit set in L?'{m) of the trajectory {u'j(T)}T-<iog(T)- As is 
well known, Ai is nonempty, compact, and attracts Wi^r) in the sense that dist2,2(„)(t(;j(T),^j) -^ 
as T ^^ —00. Let also <I>(r)^>Q be the semiflow in L'^{m) defined by the limiting equation (|6.12j) . 
see (jni) Theorem 3.2). Our last result is: 

Lemma 6.3 For any i £ {1, . . . , A^} and any r > 0, we have $(t)^j = Ai- 
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Proof: It is clearly enough to prove the result for < r < 1. If Woo G Ai, there exists a 
sequence r^ going to — cxd such that \\wi{Tn) — Woo\\L'2{m) — > as n ^ cxd. From (|4.14j) we have 

WiiTn + r) = S{T)wi{Tn) - / e~2(^~^')v • S{t - T'){viWi + RiWi){Tn + t) dr' , 

Jo 

def 
for T G [0, 1]. On the other hand, Wi{T) = (^{t)woo satisfies 

Wi{T) = S{t)woo - r e-5(---')v . S{t - T'){V,Wi){T') dr' , < r < 1 , 
Jo 

where Vi(r) is the velocity field obtained from Wi{T) via the Biot-Savart law. Now we compute 
the difference of both expressions. Using Proposition 12 . 21 and proceeding as in (^], Lemma 3.1) 
we obtain, for any p G (1, 2), 

\\Wi{Tn + r) - Wi{T)\\L2(^rn) < i^slkiK) " W^h^im) 

f'T -I 

+Ki / e-5(^-^') ^p.(x„ + r')u;i(r„ + T')||LP(™)dT' 

Jo a{T-T')P 

+^4 Te-^^^-^') ^-^ (lk^(T„ + t')||l2(„) + ||W^i(r')||L2(^)) 

Jo a{T-T')p 

X \\w^(Tn + t) - I^»(r') ||l2(„) dr' . 

The first term in the right-hand side converges to zero as n ^ oo, and so does the second one 
(uniformly in r G [0,1]) by Lemma 16.21 Thus using the uniform bound on ||wj(t)||^2(^) we 
deduce that 

\\wiirn + t) - Wi('r)||i2(„) < e{n) + C rWwiiTn + r') - Wi(r')||i2(^) dr' , 

•^0 a{T-T')p 

where e(n) — > as n — > oo uniformly in r G [0, 1], and where C > is independent of n and r. 
Gronwall's lemma then implies 

lim sup \\Wi{Tn + T) -Wi{T)\\j^2r^) =0. 

In particular Wi{T) = $(r)woo G A for any r G [0, 1], hence $(r)A C A for any r G [0, 1]. 

Conversely let Woo G Ai and < r < 1. There exists a sequence r„ going to — oo such 
that ||wi(r„) — Woo\\L2(m) — > as n ^ CXD. Up to the extracting a subsequence, we can suppose 
that Wi{Tn—T) converges in L?'{m) towards some Woo G A as n goes to infinity. By the argument 
above, we have <I'(r)iyoo = "U^oo, hence Ai C <I>(r)A- D 

In ( jni) Lemma 3.3) it is shown that, if ^ is a bounded subset of L^(m,) satisfying $(r)^ = A 
for all r > 0, then necessarily A C {aG|a G R}. Applying this result to the a-limit set 
of {wi{T)}, we obtain Ai = {ojG}, since any w ^ Ai satisfies J-^2 w{^) d^ = ai. This concludes 
the proof of Proposition 14.51 D 

6.4 Proof of Proposition 14.61 

Estimates 1)4. 17() and 1)4. 18() are established in (^1], Section 4.2). To prove iii), we first observe 
that it is sufficient to establish (|4.19)) for < r < ro, where ro > is arbitrary. Indeed, once 
this is done, we have for r > ro: 

||r„(r)Vu;||i2(„) = ||rQ(r-ro)ra(ro)Vu'||i2(„) 

< K^& 2 ||ra(ro)Vu'||i2(„) < ^||«^||M(m) • 

o(ro) ' 
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To prove (|4.19l) for small r, we consider the auxiliary equation in L?'{rnf': 

y- + a{v''diYf + v''"fG) = (^-^)/- (6.15) 

Here, f{x,t) G R^ is a vector field, and v'^"'^ denotes the velocity field obtained from the 
scalar div/ via the Biot-Savart law (|2.17|) . As we shall see, this equation defines a semigroup 
in L^(?7i)^, which we denote by Ta{T). A straightforward calculation shows that the semi- 
groups Ta{T) and ^^(r) are related via 

r„(r)div/ = div(f„(T)/) , / e H\mf , r > , 

where H^{m) is defined in ()6.13|) . Assertion iii) in Proposition 14.61 is now a direct consequence 
of this identity and of the following result: 

Lemma 6.4 Equation 116.15}) defines a strongly continuous semigroup Ta^r) in Lp'{m)'^ for 
any m > 1. If q & [1)2] and t > 0, T'q(t) can be extended to a bounded operator from L'^(m)'^ 
to H^{m)'^ , and there exist tq > and C > such that 

C - C 

ll^aW/llL2(m) < rrrWIhiim) , II VTQ(r)/||^2(„) < rll/llL9(™) ' f^^'^^) 

a{T)i 2 a{T)i 

forr G (0,ro]. 
Proof. We consider the integral equation associated with ()6.15|) . namely 

/(r) = e-^5(r)/o-a r e- '2 (^-'^ S{t-s)(v^ dW f{s) + v'^" f^'^C) ds . (6.17) 

We assume that /o G L'^{m)'^ for some q G [1,2] and some m > 1. Given tq > 0, we shall 

solve (jOTl) in the Banach space X '^= {f £ C'^{{0,To],H^{mf) \ \\f\\x < 00}, where 

1 _ 1 1 

WfWx = sup a{T)i 2||/(r)||i2(^)+ sup a(r)'J ||V/(r)||i2(^) . 

0<T<TO 0<T<ro 

Let f € X and denote by F{t) the expression in the right-hand side of (|6.17j) . Using the 
estimates collected in Proposition 12.21 we obtain for r G (0,ro]: 

\\nr)\\LHm) < ^^^V^II/o||L.M + |a| T ^^^^^^|k^div/(s) + ^^-^WG||iP(^) ds , 
a{T)i 2 Jo a{T-s)p 2 

where l<p<2. IfA = i — i,we obtain using (|2.18|) and Holder's inequality 

||v'^div/(s)||iP(m) < lb'^llLP'l|div/(s)||i2(„) < C||G||lp|| div/(s)||j^2(^) , 

||„,div f(s),<-<|| ^ /^IL.div f (s) II ||/^|| ^ II A^^rf f^\ll 11/^11 

\\V ■'^ '(^\\LP{m) < (^\\V -^^ ^llLp'll<-^llL2{m) < II dlV / (sj ||lp ||G||i2(^) , 

hence both terms can be bounded by C'||G||j;^2(^)|| div/(s)||/,2(^). Therefore, 



where 



o(t)^5||F(t)||i,,„, < Ce-4'||/„||„,„, + C|a|Ai(T)||/|U , 



A,(r)= / e-i(-' °'1'7 . d,. 



a{T—s)p '^a{s)i 
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Using similar estimates, one finds 

a(r)l||VF(r)||i2(„) < Ce-^||/o||i,(™) + C7|Q|A2(r)||/||x , 
where 

Mr)= fe-^^-) "^f , d.. 
•^0 a{T—s)pa{s)i 

Thus, there exist positive constants Ci, C2 such that, for all f £ X, 

\\F\\x < Ci||/o||i,(^)+C72|a|A(To)||/|U, 

where 

A(ro) = sup Ai(r)+ sup A2(r) . 

0<T<ro 0<T<ro 

If we now choose tq > small enough so that C2|a|A(ro) < 21 it follows from these estimates 
that (|6.17|) has a unique solution f £ X such that ||/||x < 2Ci||/o||L<3(m)- This proves (|6.16|) . D 
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